In this paper, we construct derived equivalences between two subrings of relevant Φ-Auslander-Yoneda rings from an arbitrary short exact sequence in an abelian category. As a consequence, any short exact sequence in an abelian category gives rise to a derived equivalence between two subrings of endomorphism rings. These results generalize some methods on constructing derived equivalences.
Theorem 1.1 partially extends the main result of Hu and Xi in [9, Theorem 3.5] . As a corollary, any short exact sequence in an abelian category implies a derived equivalence between two subrings of relevant endomorphism rings. This paper is organized as follows: In section 2, we will recall some notation and definitions. In section 3, we will give the proof of Theorem 1.1 which partially extends [9, Theorem 3.5] . As a byproduct of Theorem 1.1, we will point out that any short exact sequence induces a derived equivalence between two subrings of endomorphism rings. In particular, Corollary 3.6 generalizes Theorem 4.1 in [7] . In section 4, we will give an example to illustrate our results.
Preliminaries
In this section, we will recall some basic definitions and facts which are needed in our proofs.
Notation and conventions
Throughout this paper, we assume that A is an abelian category, and T is a triangulated category with suspension functor [1] .
Let C be an additive category. For an object M in C, we denote by add(M ) the full subcategory of C consisting of all direct summands of finite direct sums of M . For two morphisms f : X → Y and g : Y → Z in C, we write f g for their composition which is a morphism from X to Z. For two functors F : C → D and G : D → E, we denote G • F for their composition.
Let A be an abelian category. We denote by C(A) the category of complexes of objects in A. A complex X
• is called bounded below if X i = 0 for all but finitely many i < 0, bounded above if X i = 0 for all but finitely many i > 0, and bounded if X • is bounded above and bounded below. We denote by K(A) the homotopy category of A, and denote by D(A) the derived category of A. The full subcategory of K(A) and D(A) consisting of bounded complexes over A is denoted by K b (A) and D b (A), respectively. We denote by C − (A) the category of complexes of bounded above, and by K − (A) the homotopy category of C − (A). The full subcategory of D(A) consisting of bounded above complexes is denoted by D − (A). It is well known that the categories
are triangulated categories. Suppose that all rings are associative with identity, and all modules are unitary unless otherwise stated are left modules. Let A be a ring. We denote the category of all (respectively, finitely generated) left A-modules by A-Mod (respectively, A-mod). The category of all projective left A-modules is denoted by A-Proj, and the category of all finitely generated projective left A-modules is denoted by A-proj.
The following result is called the Morita theorem of derived categories of rings. 
If the above conditions (1) − (5) are satisfied, then the two rings are called derived equivalent. The complex T
• in (5) is called a tilting complex over A. Let N = {0, 1, 2, · · · } be the set of natural numbers. A subset Φ of N containing 0 is called an admissible subset of N if the following condition is satisfied:
If i, j and k are in Φ such that i + j + k ∈ Φ, then i + j ∈ Φ if and only if j + k ∈ Φ.
There are a lot of admissible subsets of N. The sets {0, 3, 4} and {0, 1, 2, 3, 4} are admissible subsets of N. If Φ is an admissible subset of N, then mΦ is an admissible subset of N for every m ∈ Φ. Suppose that Φ is a subset of N containing 0, then the set Φ m = {x m | x ∈ Φ} is an admissible subset of N for all m ≥ 3. For more details, we refer the reader to [10] .
Let Φ be an admissible subset of N, and let T be a triangulated category with suspension functor [1] . Consider the Φ-orbit category T Φ whose objects are the objects of T . Suppose that X, Y are two objects in T Φ . The homomorphism set in T Φ is defined as follows:
and the composition is defined in an obvious way. Since Φ is an admissible subset of N, the Φ-orbit category T Φ is an additive category. Let X, Y be objects in T Φ . The homomorphism set Hom T Φ (X, X), denoted by E Φ T (X), is a Z-algebra. It is called Φ-Auslander-Yoneda algebra of X in [10] . The homomorphism set Hom
The following Lemma which is taken from [10] , can be verified directly. 
3 Proof of Theorem 1.1
In this section, we will construct derived equivalences from an exact sequence in an abelian category A. First, we will prove Theorem 1.1, and then we will derive some useful consequences from the main result.
For convenience, we denote E
One can check directly that the matrix rings
The following result is a general categorical property of the pair (A, B) where A is a subring of B with the same identity. Each B-module can be regarded as an A-module just by the restriction of scalars.
Lemma 3.1 Suppose that A is a subring of B with the same identity.
(1) The restriction functor F : B-mod → A-mod is an exact faithful functor, and has a right adjoint G = Hom A ( A B B , −) : A-mod → B-mod and a left adjoint E := B ⊗ A − : A-mod → B-mod. In particular, E preserves projective modules and G preserves injective modules.
(2) The functor
Proof. We prove the statement (2). The others are taken from [17, Lemma 4.2]. Let f : P → Q be a morphism in A-proj. Since Q is projective as a left A-module, the morphism ι ⊗ A 1 : A ⊗ A Q → B ⊗ A Q is injective in A-proj, where ι is the inclusion map. Thus, it follows that f = 0 from 1 ⊗ f (p) = 0 with p being an element in P .
Note that Λ is a subring of Γ with the same identity. Then, by Lemma 3.1, the functor Γ ⊗ Λ − : Λ-Mod → Γ-Mod preserves projective modules and is faithful, restricted to Λ-proj. Suppose that add Φ (V ) is a full subcategory of the Φ-orbit category D b (A) Φ whose objects are the objects of add(V ). It follows that the additive functor Hom
, and denote the composition of the functors F and Γ ⊗ Λ − by G := F • (Γ ⊗ Λ −). Thus the functor G is faithful. We denote the image of G by S which is a subcategory of add Φ (V ). The object of S is G(P ) where P is an object in Λ-proj. And the morphism set is defined as follows
where P 1 , P 2 are objects in Λ-proj. Note that the functor Γ ⊗ Λ − is not full. Then the category S is not a full subcategory of add Φ (V ). It is clear that the two categories Λ-proj and S are equivalent under the additive functor G. Hence, the category S is an additive subcategory of add Φ (V ). Note that Γ ⊗ Λ Λe ∼ = Γe as left Γ-modules where e is an idempotent of Λ. By Lemma 3.1, we have that the functor Γ ⊗ Λ − is faithful. Thus, we have the following sequence of isomorphisms, where short arguments are added on the right hand side.
where Hom Γ (Γe 1 , Γe 2 ) is a subset of Hom Γ (Γe 1 , Γe 2 ). Similarly, there exists a set of Z-module isomorphisms:
Now, we prove the main result of this paper.
Proof of Theorem 1.1: For simplicity of notation, we will write W, W instead of X ⊕ M and Y ⊕ M , respectively. Define
In order to prove Theorem 1.1, we first find out a tilting complex over Λ 1 .
Claim 3.2 The complex
is a tilting complex over Λ 1 .
Proof. Note that X and M 1 ⊕ M belong to add(W ). Then both Hom S (W, X) and Hom C (W, M 1 ⊕ M ) are finitely generated projective left Λ 1 -modules. Thus, T
• is a complex in K b (Λ 1 -proj). It is immediate that the complex T • generates K b (Λ 1 -proj) as a triangulated category. It suffices to prove that T
• is self-orthogonal, i.e., Hom
there is an equivalence of categories Hom S (W, −) : add
By the definition of E Φ A (X, M ), there exists morphism
satisfying that t i = α t i for i ∈ Φ. For abbreviate, we denote the morphism ( t i ) i∈Φ by t. Now, we check that Hom S (W, α) t = Hom S (W, t). Let (x i ) i∈Φ ∈ Hom S (W, X). From the commutative diagram (♠), we have [
Thus, the morphism s
• is null-homotopic, that is,
By the commutativity of (♠1), we have Hom S (W, t ′ )Hom S (W, α) = Hom S (W, t ′ α) = 0. This implies that tα = 0 in End S (M 1 ⊕ M ). So we have t i α[i] = 0 for i ∈ Φ. Note that the morphism α is monic in A, we can deduce t 0 = 0 in A. Since Ext i A (M, X) = 0 for 0 = i ∈ Φ, we get t
Now, we will determine the endomorphism ring of T • .
Claim 3.3 The two rings End
Note that there is an equivalence of categories Hom S (W, −) : add(W ) → Λ 1 -proj. Then there
. By the commutative diagram (♠2), we have Hom S (W, αv) = Hom S (W, uα). It implies that αv = uα, i.e., αv i = u i α[i] for i ∈ Φ. For each pair of (u i , v i ), there exists a commutative diagram
We denote (h i ) i∈Φ by h, and denote
Thus, we can define the following correspondence:
First, we will prove that the map Ψ is well-defined. Suppose that f • is null-homotopic. Thus there is a morphism s : 
Since αa 0 α = αv 0 = u 0 α, and α is monic in A, we have αa 0 = u 0 . Thus, we have f 0 = Hom C (W, α)µ(ι 0 (a 0 ))). Altogether, we have proved that the morphism f
• is null-homotopic. Hence, the map Ψ is injective. Third, we will prove that the map Ψ is surjective. Let h be a morphism in Λ 2 . Then h can be written as the form h = (h i ) i∈Φ with
By the definition of E Φ A (M, Y ), there exists a morphism
Thus there exists a morphism
Let us denote (u i ) i∈Φ and (v i ) i∈Φ by u and v, respectively. Since (αv) i∈Φ = αv i = u i α[i] = (uα) i for i ∈ Φ, we have Hom C (W, α)Hom S (W, v) = Hom C (W, u)Hom S (W, α). So the map Ψ is surjective.
At last, we will prove that the map Ψ is a ring homomorphism. Let f
Hence the map Ψ is a ring homomorphism.
If Φ = {0}, we have the following corollary which suggests that any exact sequence implies a derived equivalence between two rings. Corollary 3.4 Let A be an abelian category and M an object in A. Suppose that
is an exact sequence in A with M 1 ∈ add(M ).
Then the two rings
are derived equivalent, where Recall that a triangulated category T is said to be algebraic if it is triangle equivalent to the stable category of an exact Frobenius category (B, S) where B denotes an extension closed full subcategory of an abelian category A and S is the set of exact sequences in A with terms in B.
Corollary 3.6 Let Φ be an admissible subset of N. Let T be an algebraic triangulated category and M be an object in T . Suppose that X Proof. The proof is similar to Theorem 1.1. By [7, Lemma 3.1 ] , the map Ψ is well-defined and injective without any condition when T is an algebraic triangulated category. Let Φ = {0} or Z. If α is a left add(M )-approximation of X in T Φ and if β is a right add(M )-approximation of Y in T Φ , then we can cover the main result of [7] .
Let A be a ring. We denote by gl.dim(A) the left global dimension of A. For a left A-module M , inj.dim( A M ) (respectively, proj.dim(AM )) means the left injective (respectively, projective) dimension of A M . The big finitistic dimension, Fin.dim(A), is defined as follows.
Fin.dim(A) = sup{proj.dim( A M ) | M ∈ A-Mod and proj.dim(M ) < ∞}.
Similarly, the small finitistic dimension, fin.dim(A), is defined as fin.dim(A) = sup{proj.dim( A M ) | M ∈ A-mod and proj.dim(M ) < ∞}.
In [11] , Kato discussed the difference between the left global dimension of two rings which are derived equivalent. In [14] , Pan and Xi proved that the difference between the small finitistic dimension of two coherent rings is less than the term length of a tilting complex. Combining with Theorem 1.1, we have the following Corollary. 
and
Then the following statements hold. 
Example
In this section, we will give an example to illustrate our results.
Let A be the following k-algebra with quiver 
